Morse theory on G-manifolds  by Datta, Mahuya & Pandey, Neeta
Topology and its Applications 123 (2002) 351–361
Morse theory on G-manifolds
Mahuya Datta a,∗, Neeta Pandey b,1
a Department of Pure Mathematics, Calcutta University, 35 P.Barua Sarani, Calcutta 700019, India
b Stat–Math Unit, Indian Statistical Institute, 203 B.T. Road, Calcutta 700035, India
Received 14 September 2000; received in revised form 23 March 2001
Abstract
Let G be a finite group and M be a compact G-manifold on which the G-action is semifree. For
a specific local coefficient system we show that the Bredon cohomology of M can be expressed in
terms of the classical equivariant cohomology of the fixed point sets. Using this we define Morse
polynomial for an equivariant Morse function f defined on M . If M is a G-manifold such that
codimMG  2 and iff is an equivariant Morse function on M such that f |MG is also Morse then
we show that the Morse polynomial of f completely reflects aG-CW structure ofM . 2001 Elsevier
Science B.V. All rights reserved.
AMS classification: 57R70; 57R91
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1. Introduction
One of the most interesting aspects of Morse theory on compact manifolds is that
starting with a Morse function one can obtain a CW-structure of the manifold, in which
a critical point of index λ contributes a cell of dimension λ. This enables one to establish
Morse inequalities which in turn provides a lower bound for the number of critical points
of an arbitrary Morse function on the manifold. The concept of Morse function can be
immediately generalised to smooth functions whose critical sets are non-degenerate critical
submanifolds [2]. In this article we investigate these points in the equivariant setup. Here
the role of critical points is taken by the critical orbits of an equivariant Morse function.
Wasserman [10] introduced a version of Morse theory in the equivariant context. In
his treatment, corresponding to an arbitrary equivariant Morse function f on a compact
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G-manifold M (G being a compact Lie group) he gives a decomposition of the manifold
into equivariant handle-bundles and thus proves the Morse inequalities using cohomology
with constant coefficients. However, he does not describe any equivariant CW-structure of
the manifold induced from a G-Morse function.
In [3] Bott gave a completely new direction to the study of equivariant Morse theory.
His basic idea was to transform the G action on the manifold M to a free G-action on
a suitable space MG. This works very nicely as the critical sets in M are transformed
into critical sets of MG and the indices do not change in the process. He then defined the
equivariant Morse theory of M as the ordinary Morse theory of the space MG/G. This
enabled him to establish Morse inequalities using Borel cohomology. The representation
ring of G affects the whole procedure and one gets infinite series in place of the Morse and
Poincaré polynomials.
We follow Wasserman’s approach in investigating how far the G-CW structure of a G-
manifold is reflected in an equivariant Morse function defined upon it; however, we restrict
ourselves only to semifree actions of finite groups. We define the Morse polynomial using
Bredon cohomology [4]. We choose an equivariant coefficient system which assigns a field
k of characteristic zero to each of the two orbit types such that k is a trivial G module. The
only morphism between the two orbit types is taken to the zero morphism. This enables us
to express the equivariant Bredon cohomology of M with this coefficient system in terms
of the ordinary cohomology of its orbit space and its G-fixed point set with coefficients
in k.
Also, we work with those equivariant Morse functions f all of whose critical sub-
manifolds are orbits and which restrict to Morse functions on MG. We observe that such
functions are generic.
The major drawback of this cohomology is that we cannot express the Morse polynomial
in terms of the Poincaré polynomials of critical submanifolds in general. The difficulty
arises due to the presence of G-fixed critical points where the index of f differs from
the index of f restricted to the fixed point set MG. We call such points critical points of
type II. The reason is that while f passes through such a point a G-complex is attached
instead of a G-cell. Consequently the Morse polynomial at that point may not reflect the
G-CW structure of the attached G-complex relative to its boundary. In the absence of G-
fixed critical points of type II one gets a complete description of the G-CW structure of the
manifold from the Morse function.
On G-surfaces our approach successfully describes a G-CW structure arising from a
Morse function. In general, we prove that the same is true for any G-manifoldM whenever
codimMG  2. We also observe that if G = Zn for any n then any equivariant Morse
function on a G-manifold M cannot have critical points of type II if codimMG  2.
2. Bredon cohomology for semifree actions
Let G be a finite group and M be a G-manifold such that the G-action on M is semifree.
For a specific local coefficient system defined below we express the Bredon cohomology
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of M as the direct sum of the classical equivariant cohomology of the pair (M,MG) and
the cohomology of MG with constant coefficients.
Let O(G) denote the category of orbits G/H , the morphisms being G maps G/H →
G/K .
If the G-action is free, the only orbit which is relevant in the definition of the
cohomology is G/e and we choose a coefficient system L so that L(G/e) is a field of
characteristic zero on which the G-action is trivial.
If the G-action is semifree then the only relevant orbits are G/G and G/e. Therefore,
any coefficient system L on O(G) is essentially defined by a G-module L(G/e), a
trivial G-module L(G/G), and an equivariant homomorphism L(α) corresponding to the
morphism α :G/e→G/G. We fix a coefficient system L which assigns to both G/e and
G/G a fixed field k of characteristic zero such that L(G/e) is also a trivial G-module and
L(α)= 0.
Throughout this paper L will denote the coefficient system defined as above. Also G
will always be a finite group.
The following results are easy consequences of the uniqueness of Bredon–Illman
cohomology (which follows from the equivariant Atiyah–Hirzebruch spectral sequence).
Proposition 2.1. Let the G-action on M be free. Then
HnG(M;L)∼=Hn
(
M/G;L(G/e)).
Proposition 2.2. Let the G-action on M be semi-free and let MG denote the G-fixed point
set. If N is a G-submanifold of M then
H ∗G(M,N;L) ∼= H ∗G
(
M,N ∪MG;L(G\e))⊕H ∗(MG,NG;L(G\G))
∼= H ∗(M\G,N\G ∪MG;k)⊕H ∗(MG,NG;k).
Here H ∗G(M,MG;L(G/e)) is the ‘classical’ equivariant cohomology [4] of the pair
(M,MG).
Remark 2.3. If (M,N) is a compact pair then the Bredon cohomology of (M,N) is
the direct sum of finite dimensional vector spaces over k. This enables us to define the
equivariant Poincaré polynomial for (M,N).
Definition 2.4. Let G be a finite group acting semifreely on a compact manifold M . Let
N be a compact G-submanifold of M . We define the equivariant Poincaré polynomial of
(M,N) with coefficient system L as
P tG(M,N;L)=
∑
i
t i dimHiG(M,N;L).
The equivariant cohomology with compact support [6] of a G-space M with coefficients
in L is defined to be
HtG,c(M;L)= colimK H iG(M,M −K;L)
where the colimit runs over the G-invariant compact subsets of M .
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Definition 2.5. Let G be a finite group and M be a G-space on which the G action is
semifree. If the compactly supported equivariant cohomolgy of M is finitely generated
then we define a polynomial P tG,c(M;L) by
P tG,c(M;L)=
∑
i
t i dimHiG,c(M;L).
3. Equivariant Morse polynomial
For a finite group G, an equivariant Morse function on a G-manifold is defined as
follows:
Definition 3.1. Let M be a compact Riemannian G-manifold where G is a finite group
and let f :M →R be a G-equivariant smooth function. The function f is called a Morse
function if the critical locus of f is a disjoint union of non-degenerate closed and invariant
submanifolds.
If N is a non-degenerate critical submanifold of f then the Hessian HN(f ) is non-
degenerate on the normal bundle ν(N) (or simply ν(N)) of N . Note that ν(N) is
a Riemannian G-vector bundle with the induced metric and relative to this metric it
decomposes into the orthogonal direct sum
ν(N)= ν−(N)⊕ ν+(N)
spanned by the negative and positive eigenvectors of the Hessian HN(f ). The fibre
dimension of ν−(N) is called the index of the critical submanifold N and we denote it
by λ(f,N) or simply by λ(N) if the function is clear from the context.
If M is a zero-dimensional (compact) manifold then every function f on M is
considered a Morse function. Each point of M is defined to be an index zero critical point
of f .
Let a and b be two regular values of f . Then the critical locus of f in f−1[a, b] is the
union of a finite number of disjoint compact, non-degenerate critical manifolds N1, . . . ,Nr
of f . Also, Mb is equivariantly diffeomorphic to Ma with handle-bundles Vi(1)⊕Wi(1)
over Ni attached disjointly to Ma [10] along Vi(1)⊕ W˙i(1). In fact, these handle bundles
are diffeomorphic to ν(Ni) and dimWi = λ(f,Ni).
Now let the G-action on M be semifree and L be the local coefficient system on O(G)
defined in the previous section.
Definition 3.2. Let f :M → R be an equivariant Morse function. Let the compactly
supported equivariant cohomology of the negative normal bundle ν−(N) be finitely
generated for any non-degenerate critical submanifoldN of f . Then the equivariant Morse
polynomial of f is defined by
MtG(f ;L)=
∑
N
P tG,c
(
ν−(N);L),
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where the summation is taken over all (invariant) critical submanifold of f . We shall denote
P tG,c(ν
−(N);L), the contribution of N to the Morse polynomial, by MtG(f ;N) also.
We shall observe in Lemmas 3.4 and 3.10 that if ν−(N) is a trivial G-bundle or if N
is a G-orbit then the compactly supported equivariant cohomology of ν−(N) is finitely
generated.
Theorem 3.3. Let f :M → R be an equivariant Morse function on a compact semifree
G-manifold such that the negative normal bundles of the critical submanifolds are trivial
G-bundles. Then
MtG(f ;L)=
∑
N
tλ(N)P tG(N;L),
where N runs over non-degenerate G-invariant critical submanifolds of f . The proof of
the theorem is an easy consequence of
Lemma 3.4. Let N be a semifree G-manifold and let N×Rk be a trivial G-bundle overN .
Then
H ∗G,c
(
N ×Rk;L)∼=H ∗−kG (N;L).
Proof. By the definition of cohomology with compact support and by the choice of our
action H ∗G,c(N ×Rk;L)∼=H ∗G(N × Sk−1,N × Sk−1;L). The result now follows from the
Suspension Isomorphism Theorem. ✷
Example 3.5. Let C be the unit circle centered at (a,0,0), a > 1, in the xz-plane. Let T2
be the torus obtained by rotating C about the z-axis and G = Z2 act on T2 by reflection
about the yz-plane. Let f be the height function on T2 measured from z=−1. The critical
sets of f consists of the horizontal circles namely S1 × {−1,+1} where the indices are
respectively 0 and 1.
The fixed point set MG is homeomorphic to two disjoint copies of S1 in the yz-plane
and M/G is homotopic to S1 × I . Therefore by Proposition 2.2, it follows that,
HiG
(
T
2;L)=
{
k⊕ k if i = 0,
k⊕ k⊕ k if i = 1,
k if i = 2.
Thus P tG(M;L)= 2+ 3t + t2.
The situation here is that of Theorem 3.3. Therefore,
MtG(f )= (1+ t)P tG
(
S1;L)= (1+ t)(2+ t)= 2+ 3t + t2.
We now concentrate on Morse functions whose critical sets are orbits of the G-action.
If N is a non-degenerate critical orbit of type G/e of a function f , then ν(N)∼=G G×Rn,
where the G-action on Rn is trivial. Thus corresponding to this orbit an equivariant cell
eλ(N) of type G/e is attached to Ma . On the other hand, if p is a critical orbit of type
G/G then ν(p) ∩ TpMG = ν(p,MG). Therefore, when fG = f |MG is also Morse and
356 M. Datta, N. Pandey / Topology and its Applications 123 (2002) 351–361
λ(f,p) = λ(f G,p), ν−(p) is a trivial G-space and so p contributes a cell of type G/G
to Mb . A λ-cell of type G/e or of type G/G in M corresponds to a (non-equivariant)λ-cell
in (M/G,MG) or in MG. In the non-equivariant context the attaching of a λ-cell changes
the homology Poincaré polynomial by tλ or by −tλ−1 [3]. Now from Proposition 2.2 we
have
H
p
G(M;L)∼=Hp
(
M/G,MG;k)⊕Hp(MG;k)
∼=Hp
(
M/G,MG;k)⊕Hp(MG;k)
where the second isomorphism is non-canonical.
These observations lead to
Theorem 3.6. Let f :M→R be an equivariant Morse function on a compact Riemannian
G-manifold M such that fG is also Morse. If the critical submanifolds of f are of the
following two types:
(i) a critical orbit of type G/e;
(ii) a critical orbit (point) p of type G/G such that λ(f,p)= λ(f G,p), then
MtG(f )
∑
p
tλ(p) +
∑
N
tλ(N),
where p and N , respectively, denote the critical points and critical orbits of type
G/e. Moreover, MtG(f ) − P tG(M) = (1 + t)QG(t), where QG(t) is a polynomial
with positive integer coefficients. Thus the number of critical orbits of a Morse
function of the above type is bounded below by P 1G(M).
The following is an example of a function satisfying the hypothesis of the above theorem.
Example 3.7. Let S2 be the unit sphere in R3. Let f be defined on S2 by
(x, y, z) → 3x2 + 2y2 + z2.
Then f is a Morse function whose critical points are:
n= (0,0,1), s = (0,0,−1),
u= (0,1,0), w= (0,−1,0),
p = (1,0,0), q = (−1,0,0)
with indices:
λ(f,n)= 0= λ(f, s), λ(f,u)= 1= λ(f, v), λ(f,p)= 2= λ(f, q).
Now let G = Z2 act on M = S2 by −1.(x, y, z)= (−x, y, z). Then f is G-equivariant.
Also, MG is the unit circle in the yz-plane. Then f G is also Morse with critical points
n, s, u, v at each of which the indices of f and fG remain the same. It is clear that
MtG(f ) = 2 + 2t + t2, since {p,q} is an orbit. Also from Proposition 2.2 P tG(S2) =
1+ t + t2.
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Let MG(M,R) denote the set of equivariant smooth functions on M whose critical
locus is a union of non-degenerate critical orbits and whose restriction to MG is Morse.
Such Morse functions are generic as will be seen from the next result.
Proposition 3.8. Let M be a compact G-manifold where G is a compact Lie group acting
on M . ThenMG(M,R) is an open dense subset C∞G (M,R) relative to C∞ compact open
topology.
Proof. We know that equivariant Morse functions whose critical locus is a union of orbits,
form an open dense subset in C∞G (M,R) relative to the C∞-compact open topology
(Wasserman [10]). On the other hand the restriction map
C∞G (M,R)→C∞G
(
MG,R
)
is an open continuous and surjective map (by Tietze’s extension theorem). Hence it follows
thatMG(M,R) is an open dense subset of C∞G (MG,R). ✷
For functions inMG(M,R) critical sets are of the type discussed in Theorem 3.6 or are
fixed points where the indices of the function and its restriction to the fixed point set differ.
We fix the following terminology.
Let M be a Riemannian G-manifold and f ∈MG(M,R). Let p ∈MG be a critical
point of f such that λ(f,p)= k and λ(f G,p)= l. If l = k then we call p a type I critical
point and if l < k then we call p a type II critical point.
In contrast with the Bott–Morse theory, we observe that for a type II critical point
H ∗G,c(ν−(p);L) is not in general isomorphic to H ∗−λ(p)G (p;L).
Example 3.9. Let G = Z2 act on M = S2 by reflection about the yz-plane. Then MG is
the unit circle in the yz-plane. Let f be the height function on S2. Then f is an equivariant
Morse function with non-degenerate critical points at n= (0,0,1) and s = (0,0,−1). Here
s is a type I critical point with λ(f, s) = 0. But n is a type II critical point for which
λ(f,n)= 2 and λ(f G,n)= 1. Clearly P tG(n;L)= 1. Now ν−(n)∼=G R2 where G acts on
R
2 by (x, y) → (−x, y). Thus HiG,c(ν−(n);L)∼=HiG(D2, S1). Hence it follows that,
P tG,c
(
ν−(n);L)= t + t2.
Thus P tG,c(ν
−(n);L) = t2P tG(n;L).
Let M be a Riemannian G-manifold and let p ∈ MG be a type II critical point of a
Morse function f on M such that λ(f,p)= k and λ(f G,p)= l < k.
Let a and b be two regular values of f so that a < f (p) < b. Assume that there is no
other critical submanifold in f−1[a, b]. TheG-action on ν−(p) is orthogonal and semifree,
and hence is equivalent to a semifree G-action onRk by isometries so that (ν−(p))G ≈Rl ,
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and (Dν−(p), Sν−(p)) ≈ (Dk,Sk−1). By the definition of equivariant cohomology with
compact support H ∗G,c(ν−(p);L)∼=H ∗G(Dν−(p), Sν−(p);L). Thus we have
Lemma 3.10.
P tG,c
(
ν−(p);L)= tP tG(Sk−1, Sl−1;k)+ t l ,
where S−1 is the empty set.
The above lemma will be frequently used in the next section. We defer the proof to
the end of the article. Combining Theorem 3.6 with Lemma 3.10 we obtain the following
expression for the equivariant Morse polynomial.
Proposition 3.11. Let G be a finite group and M be a compact connected G-manifold on
which the G-action is semifree. Let f :M → R be a G-equivariant Morse function on M
whose critical submanifolds are G-orbits. If f G is also Morse, then
MtG(f )=
∑
N
tλ(N) +
∑
p
tλ(f
G,p) + t
∑
p
P tG
(
S
(
ν−(p)
)
, S
(
ν−(p)
)G;k),
where N and p run over critical orbits of type G/e and G/G, respectively.
Corollary 3.12. Let the G-action on M be free. Let f :M→R be a G-equivariant Morse
function on M whose critical submanifolds are G-orbits. Then,
MtG(f )=
∑
N
tλ(N)
where N runs over critical orbits. If we denote the induced Morse function on M/G by
f/G then MtG(f )=Mt(f/G).
Remark 3.13. We have already observed that a critical G-orbit of type G/e or a type I
critical point of index λ of a Morse function f on M contributes a λ-cell of type G/e
or of type G/G to a G-CW structure for M . On the other hand this is not true for
a type II critical point. Here one attaches a G-complex instead of an equivariant cell.
Moreover, we have also noted that at any such point p, MtG(f,p) may not be equal to
tλ(p)P tG(p;L)= tλ(p) dimL(G/G).
However, if p is a type II critical point such that (Dν−(p), Sν−(p)) has a G-CW
structure with ni cells of dimension i , where ni is the coefficient of t i in MtG(f,p), then
MtG(f,p)−-P tG(p)= (1+ t)QG(t) (1)
for some polynomial QG with positive integer coefficients, where -P tG(p) denotes the
increment in the Poincaré polynomial as f passes through p. Therefore, if the relative G-
CW structure of (Dν−(p), Sν−(p)) is reflected by its Poincaré polynomial then we can
prove Morse relation (1).
In the next section we will show that the equivariant Morse relation holds for a
G-manifold M whenever codimMG  2, by observing that the Morse polynomial at a
type II critical point p reflects the G-CW structure of D(ν−(p), S(ν−(p)).
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4. Morse relation on G-manifolds
We begin with the following observation.
Proposition 4.1. Let M be a compact Riemannian G-manifold with semifree G-action
and let codimMG = 1. Then G= Z2.
Proof. G acts on the normal bundle of MG by isometries. In this case the normal bundle
is one dimensional and the G action on M is semifree. Hence G must be Z2. ✷
Theorem 4.2. Let M be a compact Riemannian G-manifold where G is a finite group
acting semifreely on M . Let f be an equivariant Morse function on M such that fG is also
Morse and the critical sets of f arc orbits. If codimMG  2 then f satisfies the Morse
relation.
Proof. In view of Theorem 3.6 we consider only type II critical points of f .
Let dimM = n. Then by hypothesis dimMG is either n− 1 or n− 2. Let p be a type II
critical point.
Case I: dimMG = n− 1. Then G= Z2 by Proposition 4.1.
Let λ(f,p) = k. Then λ(f G,p) = k − 1. In this case the G-action on Dν−(p) is
equivalent to the Z2 action (x1, x2, . . . , xk) → (−x1, x2, . . . , xk) on Dk . Clearly, this action
is the suspension of the action (x1, x2, . . . , xk−1) → (−x1, x2, . . . , xk−1) on Dk−1. Hence
by Lemma 3.10
MtG(f,p)= tP tG
(
Sk−1, Sk−2
)+ tk−1.
By the Suspension Theorem [9] this reduces to
MtG(f,p)= tk−1P tG
(
S1, S0;k)+ tk−1 = tk−1(1+ t),
since the G-action on S1 is (x1, x2) → (−x1, x2).
Also, (Dν−(p), Sν−(p)) supports a relative G-CW structure of one (k− 1)-cell of type
G/G and one k-cell of type G/e. Hence by Remark 3.13 the Morse relation holds at this
point p.
Case II: dimMG = n− 2.
(a) If λ(f,p) = n then λ(f G,p) = n− 2. The G-action on Dν−(p)≈ Dn is then the
suspension of an orthogonalG-action on D2 with origin as the only fixed point. Therefore,
G must be Zn [1]. Again by Lemma 3.10 and the Suspension Theorem
MtG(f,p) = tP tG
(
Sn−1, Sn−3;k)+ tn−2
= tn−1P tG
(
S−1;k)+ tn−2
= tn−2(1+ t + t2).
A relative G-CW structure of Zn action on (Dν−(p), Sν−(p)) consists of one (n−2)-cell
of type G/G, one (n− 1)-cell of type G/e and one n-cell of type G/e. Hence the Morse
relation at the point p follows from Remark 3.13.
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(b) If λ(f,p) = k < n and λ(f G,p)= k − 1 the Morse relation can be proved exactly
as in Case I.
(c) If λ(f,p) = k < n and λ(f G,p) = k − 2 the Morse relation follows as in
Case II(a). ✷
A close observation of the above proof reveals that:
Corollary 4.3. If G = Zn for any n then f does not have critical points of type II.
5. Proof of Lemma 3.10
Let M be a Riemannian G-manifold and let p ∈ MG be a type II critical point of a
Morse function f on M such that λ(f,p) = k and λ(f G,p) = l < k. We observed in
Section 3 that the G action on ν−(p) is equivalent to an orthogonal semifree action on
R
k so that H ∗G,c(ν−(p);L) ∼= H ∗G(Dk,Sk−1;L). We now show that P tG,c(ν−(p);L) =
tP tG(S
k−1, Sl−1;k)+ t l .
For i  2, HiG(Dk,Sk−1;L)∼=Hi−1G Sk−1;L). Also we have:
0→H 0G
(
Dk,Sk−1;L)→H 0G(Dk;L) Φ→H 1G(Dk,Sk−1;L)→ 0.
The G-action on Sk−1 is semifree and two cases arise depending on whether the fixed point
set of this action is empty or not.
Case I: The G action on Sk−1 is free. This implies that λ(f G,p) = 0. Hence
H 0G(S
k−1;L)∼= L(G/e).
Also H 0G(D
k;L) ∼= L(G/G) and L(G/e → G/G) = 0. Hence Φ is the zero map.
Therefore,
H 1G
(
Dk,Sk−1;L)∼=H 0G(Sk−1;L) and H 0G(Dk,Sk−1;L)∼= L(G/G),
and the Poincaré polynomial P tG,c(ν−(p);L)= tP tG(Sk−1;L)+ dimL(G/G).
Case II: The G action on Sk−1 is semifree but not free. Then (Sk−1)G ∼= Sl−1 for l  1
and therefore
H 0G
(
Sk−1;L)∼=H 0G(Sk−1, Sl−1;L(G/e))⊕H 0(Sl−1;L(G/G)).
Hence Φ is injective. Consequently,
H 1G
(
Dk,Sk−1;L)∼= H 0G(Sk−1;L)L(G/G) and H 0G
(
Dk,Sk−1;L)= 0,
and the Poincaré polynomial P tG,c(ν
−(p);L) = tP tG(Sk−1;L) − t dimL(G/G). Recall
that L(G/G)= k = L(G/e).
Comparing with Proposition 2.2 we thus get
P tG,c
(
ν−(p);L)= tP tG(Sk−1, Sl−1;k)+ t l ,
where S−1 is the empty set.
M. Datta, N. Pandey / Topology and its Applications 123 (2002) 351–361 361
Acknowledgements
We wish to thank Professor Amiya Mukherjee for suggesting this problem and for the
useful discussions that we had with him. We would also like to thank the referee for his
critical comments which helped us to improve the paper.
References
[1] M. Artin, Algebra, Prentice-Hall of India, 1996.
[2] R. Bott, Nondegenerate critical manifolds, Ann. of Math. 60 (2) (1954) 248–261.
[3] R. Bott, Lectures on Morse theory old and new, Bull. Amer. Math. Soc. (N.S.) 7 (2) (1982)
331–358.
[4] G.E. Bredon, Equivariant Cohomology Theories, Lecture Notes in Math., Vol. 34, Springer,
Berlin, 1967.
[5] G.E. Bredon, Topology and Geometry, Graduate Texts in Math., Vol. 139, Springer, Berlin,
1993.
[6] S.R. Costenoble, S. Waner, Equivariant Poincaré duality, Michigan Math. J. 39 (1992) 325–351.
[7] S. Illman, Equivariant Singular Homology and Cohomology, Mem. Amer. Math. Soc., Vol. 156,
1975.
[8] J. Milnor, Morse Theory, Ann. of Math. Stud., Vol. 51, Princeton Univ. Press, Princeton, NJ,
1973.
[9] T. tom Dieck, Transformation Groups, Walter de Gruyter, Berlin, 1987.
[10] A.G. Wasserman, Equivariant differential topology, Topology 8 (1969) 127–150.
